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Abstract
This thesis derives new results linking nonlinear contraction analysis, a recent sta-
bility theory for nonlinear systems, and constrained optimization theory. Although
dynamic systems and optimization are both areas that have been extensively studied
[21], few results have been achieved in this direction because strong enough tools
for dynamic systems were not available. Contraction analysis provides the necessary
mathematical background. Based on an operator that projects the speed of the sys-
tem on the tangent space of the constraints, we derive generalizations of Lagrange
parameters.
After presenting some initial examples that show the relations between contraction
and optimization, we derive a contraction theorem for nonlinear systems with equality
constraints. The method is applied to examples in differential geometry and biolog-
ical systems. A new physical interpretation of Lagrange parameters is provided. In
the autonomous case, we derive a new algorithm to solve minimization problems.
Next, we state a contraction theorem for nonlinear systems with inequality con-
straints. In the autonomous case, the algorithm solves minimization problems very
fast compared to standard algorithms.
Finally, we state another contraction theorem for nonlinear systems with time-varying
equality constraints. A new generalization of time varying Lagrange parameters is
given. In the autonomous case, we provide a solution for a new class of optimization
problems, minimization with time-varying constraints.
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Chapter 1
Preliminaries
This thesis explores the relation between nonlinear contraction analysis and optimiza-
tion theory. First, we introduce the basic idea and theorem of contraction analysis.
Next, we state the theorems of minimization in the three different cases - uncon-
strained, constrained with equality constraints and constrained with inequality con-
straints. The last part gives different examples in order to show that both theories
are linked in some simple cases.
1.1 Contraction theory
Intuitively, contraction analysis is based on a slightly different view of what stability
is. Stability is generally viewed relative to some nominal motion or equilibrium point.
Contraction analysis is motivated by the elementary remark that talking about sta-
bility does not require to know what the nominal motion is: intuitively, a system
is stable in some region if initial conditions or temporary disturbances are somehow
"forgotten", i.e., if the final behavior of the system is independent of the initial con-
ditions. All trajectories then converge to the nominal motion. In turn, this shows
that stability can be analyzed differentially rather than through finding some implicit
motion integral as in Lyapunov theory, or through some global state transformation
as in feedback linearization. To avoid any ambiguity, we shall call "convergence" this
form of stability.
In this section, we summarize the variational formulation of contraction analysis of
[1]. It is a way to prove the contraction of a whole system by analyzing the properties
of its Jacobian only. Consider a n-dimensional time-varying system of the form:
xc(t) = f (x(t),7 t)(1)
where x E R' and t E R+ and f is n x 1 nonlinear vector function which is assumed to
be real and smooth in the sense that all required derivatives exist and are continuous.
Before stating the main contraction theorem, recall first the following. The sym-
metric part of a matrix A is AH = (A + A*T). A complex square matrix A is
Hermitian if AT = A* , where T denotes matrix transposition and * complex conju-
gation. The Hermitian part AH of any complex square matrix A is the Hermitian
matrix -'(A + A*T) . All eigenvalues of a Hermitian matrix are real numbers. A
Hermitian matrix A is said to be positive definite if all its eigenvalues are strictly
positive. This condition implies in turn that for any non-zero real or complex vector
x, x*TAx > 0. A Hermitian matrix A is called negative definite if -A is positive
definite.
A Hermitian matrix dependent on time or state will be called uniformly positive
definite if all its eigenvalues remain larger than strictly positive constant for all states
and all t > 0. A similar definition holds for uniform negative definiteness.
The main result of contraction analysis is given by theorem 1
Theorem 1. Denote by 2 the Jacobian matrix of f with respect to x. Assume
that there exists a complex square matrix e(x,t) such that the Hermitian matrix
E(x, t)*Ta(x, t) is uniformly positive definite, and the Hermitian part FH of the
matrix
F-=O+) e-1
Ox
is uniformly negative definite. Then, all system trajectories converge exponentially
to a single trajectory, with convergence rate | supxy Ama(FH) > 0. The system is
said to be contracting, F is called its generalized Jacobian, and E(x, t)*TE(x, t) its
contraction metric. The contraction rate is the absolute value of the largest eigenvalue
(closest to zero, although still negative) A = | Amx(F H -
1.2 Optimization theory
Optimization means finding "best available" values of some objective function given
a defined domain, including a variety of different types of objective functions and
different types of domains.
We are interested in the most general case of optimization, nonlinear optimization.
In the following we give the sufficient conditions for the point x* to be a minimum of
a minimization problem. There are three main classes of problems which are stated
below. [2]
1.2.1 Unconstrained optimization
In unconstrained optimization we search for the minimum over the whole range of
variables. The generic form is:
min U(x) (1.2)
The second-order sufficient conditions in the unconstrained case are given by theorem
2.
Theorem 2. Let U G C2 (R", R) be a function defined on a region in which the point
x* is an interior point. Suppose in addition that
VU(x*) = 0 and V 2 U(x*) is positive definite
Then x* is a solution of problem 1.2.
1.2.2 Constrained optimization with equality constraints
In constrained optimization, the Karush-Kuhn-Tucker conditions (also known as the
Kuhn-Tucker or KKT conditions) are sufficient for a solution in nonlinear program-
ming to be optimal, provided that some regularity conditions are satisfied. The
generic form is with m constraints is:
min U(x) subject to (s.t) h(x) = 0 (1.3)
The second-order sufficient conditions in the constrained case are given by theorem
3.
Theorem 3. Let U(x) E C2 (Rn, R) and h(x) E C2 (R", Rm ) be smooth functions and
x* is a regular point (the columns of Vh(x*) are linearly independent). Suppose in
addition that
VL(x*) = 0 and yIV 2L(x*)y > 0
where yVh(x*) = 0, A are the lagrange parameters and L is the lagrangian function
defined as L = U + Ah
Then x* is a solution of problem 1.3.
1.2.3 Constrained optimization with inequality constraints
The generic form of the third kind of problems is:
min U(x) subject to (s.t) h(x) -< 0 (1.4)
where x --( 0 means that all the scalar components of x are less or equal to zero. The
second-order sufficient conditions in the constrained case are given by theorem 4.
Theorem 4. Let U(x) G C2 (R", R) and h(x) E C2 (Rn, Rm ) be smooth functions,
A(x) the set of active constraints at point x and x* a regular point (the columns of
Vh(x*) are linearly independent). Suppose in addition that
VL(x*) = 0, yIV 2 L(x*)y > 0 and A* > 0
where yVh(x*) = 0, A* are the lagrange parameters and L is the lagrangian function
defined as L = U + Ah. Also if i G A(x*) then A* > 0 and if i A(x*) then A* = 0
Then x* is a solution of problem 1.4.
1.3 Some examples linking both theories
In this section we present some cases - unconstrained optimization, duality theory -
in which both theories are linked. The following example in [3] is the starting point
of this thesis.
Example 1.3.1.: Consider a gradient autonomous system x - -VU(x) that is con-
tracting in an identity metric. As it is autonomous and contracting in a time independent
metric then it has a unique equilibrium point because
(EVU) = F(0VU)dx
which implies exponential convergence of x to zero and so x converges to a constant, x*.
This point has zero speed, VU(x*) = 0. The condition of contraction at this equilibrium
point is the positive definiteness of V2U(x*). These are the two sufficient conditions
(theorem 2) to prove that x* is a solution to problem 1.2 L
With example 1.3.1, we show that contraction and unconstrained optimization are
linked through gradient systems. Another important domain in optimization is du-
ality. It is very useful to use the dual formulation instead of the primal for a variety
of reasons, sometimes the dual problem has closed form solution and others the al-
gorithm to find the minimum is much faster. If the primal problem is dimensionally
low with lots of constraints, the dual problem is dimensionally big but with few con-
straints. In example 1.3.2, we show that contraction and duality are related using
gradient systems.
The Legendre transformation is defined as follows for y (E R":
U*(y) = SUPxRn (X'Y - U(x)) (1.5)
The conjugate function U* is a convex function since it is the pointwise supremum of
linear functions.
Example 1.3.2.: The system x = -VU(x) is contracting for the identity metric and
also smooth (existence of derivatives) if and only if the system y -VU*(y) is contract-
ing for the identity metric and also smooth.
To prove the if part we use the fact that strict convexity and smoothness are dual prop-
erties, [22].
For the only if part, we apply the first part of the proof to the function U*. We use the
fact that as U* convex, close (the domain of U is closed) and proper (it never takes the
value -oc and the set domg = [xlg(x) < o] is nonempty), then U** = U L
Contraction theory is also related to differential geometry through example 1.3.3.
[18]
Example 1.3.3.: The condition of contraction of the system 1.1 for a positive definite
metric g = e'E that verifies a parallel propagation is that the hermitian part of:
F = EDf(x, t) E- = (Ef)xt) + i f (x,t) 0-1
has a uniformly negative maximum eigenvalue. D is the covariant derivative and the
Christoffel term is defined as Ek ggl (= i + - ).
The idea is to use a parallel propagation of the tensor e, [18].
OE= E Tij3xi
The geometric interpretation of the covariant derivative is the projection of the direc-
tional derivative [7] on that submanifold, thus the tangential part of the directional
derivative. It can be written as:
DxY = (dxY)ta" = dxY- < dxY,v > v
where dxY is the directional derivative along the X direction and v is the normal
vector to the submanifold.
When writing o& = 8Df -- 6z, it means that the virtual speed is constrained to
belong to 'some' manifold. This idea of projection is fundamental to prove contraction
for constrained dynamical systems.
In [1] combination properties of contracting systems are of great importance. In
example 1.3.4 we derive a new result that cannot be achieved with classical minimiza-
tion theory.
Example 1.3.4.: If there are two unconstrained minimizations which have respectively
their minimum at x and xz, the sum of both cost functions may not have a minimum.
Using only classical minimizations theorems we cannot conclude anything when summing
both systems.
If the gradient systems issued from the two precedent minimization problems are con-
tracting. Then the system, sum of the gradient systems, is still contracting. Then the
sum of the two cost functions has a minimum
18
Chapter 2
Contraction theory with equality
constraints
This section has two main parts. In the first part, we state a theorem giving the
condition of contraction for a constrained nonlinear dynamic system. We have to
start on the constraints to have contraction behavior. In the second part, we allow
the system to start outside the constraints. We have to use sliding techniques to
conclude convergence to the constraints.
In the following all the points are regular. This means that Vh(x)Vh'(x) has
full rank and hence is invertible. That is the only hypothesis that is needed in the
following analysis.
2.1 Starting on the constraints:
contraction theory
We define the sets S = [x / h(x) = 0] and M(x) = [y / yVh(x) = 0]. S is the space of
the constraints. M is the tangent subspace of h at point x, it is a k-submanifold. (a k
submanifold is defined as Vh(x) having full rank using the implicit function theorem)
We define the operator [4]
P(x) = 1 - Vh'(x)[Vh(x)Vh(x)']-1 Vh(x)
It is a symmetric projection operator onto M(x) because it verifies P(x)P(x) = P(x)
and P(x)y E M(x).
2.1.1 Theorem
In this section we compute the condition of contraction for dynamic systems that are
under some constraints. In the real world, there are many examples. A robot arm
that has to evolve in a circle is a constrained dynamic system. The concentrations
of chemical systems that have their own dynamics but cannot exceed one is another
example.
Theorem 5. The condition of contraction of the constrained dynamic system
x = f(x, t) s.t. h(x) = 0
is that the hermitian part of:
F (O(x, t) + e(x, t)P(x) f + A(x, t) d 2 h) e(x, t) 1 on S(x)(OX dx2
has a maximum eigenvalue uniformly negative. P(x) is a projection operator onto
the tangent space M(x) and A(x, t) = -f(x, t)Vh'[VhVh']--. The initial condition
must verify the constraint.
2.1.2 Proof
The proof has three parts. We project the system by adding a term related to the
Lagrange parameters. We compute the condition of contraction of this new system.
We then prove contraction behavior.
Projection of the dynamic system
The initial problem is
5 = f(x, t) s.t. h(x) = 0
Physically this can be interpreted as the velocity of the system goes away from the
constraints. For the system to verify the constraints, the velocity has to be tangent
to the constraints at x. We project the system onto M(x) using the projector P(x).
: = P(x)f(x, t) f(x, t)-f(x, t)Vh'(x)[Vh(x)Vh(x)']-Vh(x) = f (x, t)+A(x, t)Vh(x)
We note A(x, t) -f(x, t)Vh'(x)[Vh(x)Vh(x)']-'. These are not exactly the La-
grange parameters. But if f = VU(x), lambda is exactly the Lagrange parameters.
This can be seen as a first generalization of the Lagrange parameters. In this case
the dynamical system would be x = VU(x) + A(x)Vh(x) = VL(x) where L is the
usual Lagrangian function. In the following the projected system will be known as
Lagrangian dynamics.
f(x,
A(x)Vh(x)
Figure 2-1: Projected speed of the dynamic system
This result gives a new insight about Lagrange parameters. The term A(x, t)Vh(x)
can be seen as a reaction force that allows the system to stay on the constraints . A
Lagrange parameter is the scalar value that gives the magnitude of the force along the
orthogonal direction to the constraint in order to have a tangential speed. Lagrange
parameters as reaction forces is something that has already been introduced using the
Lagrange equation [6] [5]. The constraints are verified at anytime because the system
starts on the constraints and the velocity is always tangential to the constraints. If
initially the constraints were not verified then this property would not be true.
Condition of contraction
We consider a virtual displacement 6x and a positive definite 8(x, t). The function
6x'8(x, t)'O(x, t)6x is the distance associated to the first fundamental form of the
k-submanifold M(x). We define 6z = 8(x, t)6x.
We compute dGozoz) = 25x6. We calculate 6z = 8(x, t)6x + 8(x, t)6o where
Wec h Av(x, t) omut + ong c i
We have to compute a long calculation OA(x,t)
'9x
+ A(x, t) d h Vh'[Vh(x)Vh(x)']-1dx 2
d2h
- 2h ['Vh(x)Vh(x)']- 1dx2
We can substitute in the precedent equation and reorganize:
dx2
(2.1)
It is essential to note that the first term, 6511, belongs to M(x) and the second term,
6L, belongs to M(x)'. In order to have contraction behavior the first term of 6
must be uniformly bounded.
of = P(x) (f
d (zoz) = 26z
dt (O(x, t) + 8(x, t)P(x)
Of
Ox+ A(x, t) d(x, t)-6zdx 2))
Shrinking behavior
From the precedent section we have that:
(6zz) = 26zFoz
aA(x, t)
ax
(Of
ax
o5 = P(x) dx(dx
Finally
+ A(x, t) dhx2 E~- Vh(x)'[V7h(x)V7h(x)']
+ A(x, t) dh x2
The contraction condition is that Vt > 0 26zFoz < -A(z6z) for A > 0. We then
conclude that lozl -* 0. As the metric is positive definite we have that 6xl -+ 0
2.1.3 Theorem's application
This theorem relates different areas of mathematics and also has some practical ap-
plications.
Differential geometry and projected contraction theory
When calculating the virtual speed of the system, we compute equation 2.1. The
contraction behavior is given by the uniform negativity of the tangential component
of the speed. In example 1.3.3, the condition of contraction is given by the covariant
derivative. The definition of the covariant derivative is the tangential part of the
directional derivative. In the following we achieve the same expression for the geodesic
using two different theories.
Consider an autonomous system (so we can substitute the partial derivatives by
absolute derivatives), one way of defining geodesics is i1 = 0 [7]. Using equation 2.1,
we obtain equation 2.2
K = x - = -Vh'(VhVh') - 1 V2 h5 (2.2)
Another equivalent way of defining geodesics is x = wVh, [4]. Differentiating h(x) = 0
two times we find that xV 2 h5 + Vhx = 0. Using the second definition of geodesic
we calculate
K = -Vh'(VhVh') 1 xV 2 hk (2.3)
Equations 2.2 and 2.3 are the same but obtained in a different way.
Control theory and projected contraction theory
The major goal of control theory is to find the control input that will make the system
behave the way we want. In mathematical terms, find i such that
5 = f(x, t) + u(x, t)
has a specific behavior. In the case of projected contraction theory identifying
i(x, t) = AVh, we find a control that makes the system evolve on the constraint.
Optimization and projected contraction theory
In this section we show that a gradient autonomous constrained contracting system
(equation 2.4) for an identity metric has a unique equilibrium point and this equilib-
rium point is also the solution of a problem of minimization.
As done in example 1.3.1 an autonomous contracting dynamic system has S uni-
formly going to zero, then x goes to a constant x*. Then the gradient autonomous
dynamic system has a unique equilibrium point.
5 = -VU(x) s.t. h(x) = 0 (2.4)
The projected system, which we will call Lagrangian dynamic, is x = -VL(x). It
verifies VL(x*) = 0. The dynamic system also satisfies the constraint h(x*) = 0
because we start on the constraint and the speed of the system is always tangential
to the constraints. These two conditions ensure us that at anytime h(x) = 0.
As the system is autonomous the condition of contraction is given by
i = -P(x)V 2L(x)k
As the speed of the system belongs to M(x), we have : 5 = P(x)*. Thus: x =
-P(x)V 2 L(x)P(x)x. The condition of contraction then gives
*1 * d 2U d 2 h pX)*=Y
X*'P'(x%U) d h2 + x P(x*)x* = y'V 2 L(x*)y > q > 0Xk ~dx± Ax)dx 2 /
with y = xP(x*) c M(x*) by definition of P(x*).
These are the three conditions for the existence of a minimum to problem 1.3
Therefore, there is a new relationship between minimization and dynamical systems
using contraction theory. This is something that has been already investigated [8].
Similarity with precedent results
This result has been already extensively searched. In [1], the calculation of the deriva-
tive of the distance is given by
1 d 6xT z T Of OZ T2Z
(ox- M6)= x x - 6x 2 n 6x2 xdt Ox z Ox Ox2
A similar result has been obtained in the proof of the theorem when writing equation
2.1. In both cases, the first term involves the Jacobian of the function. The second
term involves the second derivative of the constraints and is along the direction per-
pendicular to the constraints. The final condition of contraction is on the projection
of the Jacobian. The great novelty about this theorem is the introduction of the
Lagrange parameters in the condition of contraction.
In [9] a similar intuition is developed. If an explicit z coordinates exists then we
can write the dynamical system for convex constraints as
z = Of - [VzhVzh']Vzh'Vzhef
We recognize the generalized Lagrange parameters if A = -[VzhVzh']-Vzh'f if
0 = I.
Application to biological systems
In [10], simulations of biological evolution, in which computers are used to evolve
systems toward a goal, often require many generations to achieve even simple goals.
In the article, the impact of temporally varying goals on the speed of evolution is
studied. It is much faster when using time varying goals.
The highest speedup is found under modularly varying goals, in which goals change
over time such that each new goal shares some of the subproblems with the previous
goal.
This problem has strong similarities with what is developed in this thesis. We
can write a non autonomous energy like function, and create a gradient system. This
dynamical system searches the minimum of this function. The minimum is changing
over time (time varying goal also called trajectory). Contraction theory also allows
modularity.
2.1.4 An algorithm for solving minimization problems
This idea of projection creates a new dynamical system. It is a new way of solving
minimization problems. This method is general, the only condition required is as
stated at the beginning of chapter 2 is that Vh(x)Vh(x)' must be invertible for
x E S(x).
We give some examples. The first example is done in great detail to show how
the method works.
Minimization of the length of a square in a circle
Consider:
min x + y s.t. x 2 + y 2
the optimal values are (from classical theory of optimization): *= y and
A = In terms of contraction the problem is i = -Vf = s.t. X2 y2 1.
The projection matrix is P(x) = (1 X2
-zy
). The projected system is then:
1- y2
.- 1+ 2 +z-y
-1+ y 2 +y
where A = - Vh' - -2. The eigenvalue of F is x + y. The system is contracting
in x + y < 0. As the system approaches the solution then A -+ A*
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Figure 2-2: Minimization of the length of a square in a circle over time
As it can be simulated, figure 2 - 3 shows that the dynamic system always stays
on the constraint. The system still goes to the minimum even if it is not starting
in the contraction zone as it can be seen on figure 2 - 4 The contraction zone given
by the precedent theorem is x + y < 0. Looking at figure 2 - 4, we see that the
contraction zone can be extended to x + y < 1.
Another important aspect is the time of computation. Using matlab normal rou-
-1 -0.5 0 0.5 1
Figure 2-3: Minimization of the length of a square in a circle in 2D
tine 'fmincon' and starting at the same initial point we achieve the solution 1000 times
faster than matlab. Matlab uses the sequential quadratic programming method. This
method approximates at each step the actual lagrangian function by a second order
approximation and solves the second order problem. Each time the system solves this
problem it needs to invert two matrices [2]. In our case we only need to invert one.
Tartaglia's problem
Tartaglia's problem is a famous problem in optimization stated as : "To divide the
number 8 into two parts such that the result of multiplying their product by their
difference is maximal". The formulation is :
min xy(x-y) s.t x+y=8
0.5
0.0
-0.5
-1.0
-1.0 -0.5
Figure 2-4: Phase plane of the length minimization of a square in a circle
The Lagrangian system is, with A = 2 - z2
2xy -X2
y 2 - 2xy
This algorithm starting on the constraint converges 1000 times faster than matlab
(which again uses an SQP method).
Kepler's planimetric problem
The problem is how to inscribe in a given circle a rectangle of maximal area. The
minimization formulation is :
min - xy s.t x2 + y2 =
#1 if -
#~#'#~#~ #kK~k~ #' /
/
/
#' / #1
-~ - ~- K 4 ~ k~ / p<
A~ / )~ ~- ~- /
In this case the Lagrangian system is
y+2Ax
x + 2Ay
where A -xy. The condition of contraction gives two eigenvalues -1- 2xy, 1 - 2xy.
This algorithm converges to the expected solution, staying on the constraint. The
convergence time is again 1000 times faster than matlab.
Minimum distance from a point to a sphere
Consider the minimization problem
12 2
min -(X +y +(z-2)2 )2
The evident solution of this problem is
sphere: (0, 0, 1). We compute the usual
i=VU+AVh =
s.t. h(x) = x2 + y 2 + z 2 -1 = 0
the projection of the point (0, 0, 2) onto the
projected system :
x + Ax
y + Ay
z - 2 + Az
with A - 2z - 1.
On figure 2 - 5, the system evolves on the constraint. it converges towards the
expected solution, which is the projection of the point (0, 0, 2) onto the sphere.
Using mathematica we can plot the vector field. On figure 2 - 6, there are two
equilibrium points. The north pole is stable and the south pole is unstable. The
condition of contraction is z > 0. But as it can be seen on the figure, we can extend
it to z > -1. As usual the computation time, starting at the same initial point is
1000 times faster than matlab.
trajectory
minimum point
................~  ......--------
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Figure 2-5: Minimum distance from a point to a sphere
Minimum distance from a point to an ellipse
This example is chosen to show that the lack of symmetry does not prevent the
algorithm to converge to the right value. We want to calculate the distance from a
point to the ellipse.
1 x2 2 z2
min ((x-xz) 2 +(y-y 1 )2 +(z-z) 2 ) s.t. h(x) = +-b2--c21 =02 a2  b2  c2
We consider a 15; b = 5; c = 3; and the absolute minimum is 1, 4, 2. On figure 2 - 7
we achieve a solution which corresponds to the projection of the absolute minimum
on the ellipsoid. (The red dotted line just indicates where is the projection point).
As usual the convergence time is very fast compared to matlab.
............
00
--1
Figure 2-6: Phase plane of the minimum distance from a point to a sphere
Maximum volume inside an ellipse
The problem is to maximize the volume of a parallelipede subject to lying on an
ellipse
X2 Y2 z2
min -xyz s.t. h(x) 2+ b2+ c =0
We consider a = 15; b = 5; c = 3;. On figure 2 - 8, we achieve the solution. As usual
the convergence time is very fast compared to matlab.
Minimal sum of lengths for a given volume
The problem is to maximize the volume of a parallelipede subject to lying on ellipse
minx+y+z s.t. h(x)=xyz-1=0
-10 
-505
Figure 2-7: Minimum distance from a point to an ellipse
The constraints are completely nonlinear. The Lagrangian system is:
r1 + Ay
1 + Azy
where A =- YZ)~j~x)x* 2 On figure 2 -9 we achieve the solution, [1 11]. As usual
the convergence time is very fast compared to matlab.
Contraction of the initial and projected system
In this example, the initial system is not contracting and the projected system is
contracting. From [11], consider the dynamic system
x2 + 2
i [0, 0, -ez] s.t. h(x, y, z) = 2
... . .. .. ... .  ... .  .2
JW T NJJJNJW!! en n - -- - -
Trajectory
Minimum point
Figure 2-8: Maximum volume inside an ellipse
The constraint is a cone. We impose (x, y) E [-min, Xmax] X (-Ymin, Ymax]. Lagrange
parameters are A = -Vh' ezparmetrs re -- VhVh' 1+x,+Y,. The projection matrix is defined as
1 + y2
P(x) = 1+ X2 + y2
-Wy
2Xy 1+ X2+
x y x2+
We calculate
/ 2
d2L
dx2 =
ez
1+X2+y 2  0 0
0 ez~y 0S 1+X2+ 2
o 0 ez)
Finally, the eigenvalues of F = P(x) d 2 are
+V2 I
e 2 1+ X2 + y2'
1+x 2 +x 4 +y 2 +2x 2y 2 +y4
1+ x2 + y2
Xy2-
2Figure 2-9: Minimal sum of lengths for a given volume
In this case Amax = "+n.in +y2 +2 yL, +Y > 0. This constrained dynamical
"t4ax +Ymax
system is contracting. The solution is attained in (0,0, 0). On figure 2-19 we observe
four different trajectories with four different initial conditions. As it is an autonomous
system, they all converge towards a unique equilibrium point.
Example of minimization with two constraints
Consider the minimization problem but with two constraints
min ((x-x 1 )2 +(y-y 1 )2+(z-zi)2 ) s.t. hi(x) = x 2 +y 2 +z 2 -1 = 0 h2(x) = x+y+z = 02
The absolute minimum is again 1, 4, 2. The starting point must be a point where both
constraints are verified : [0, , - ,]. The dynamical system follows both constraints.
Each Lagrange parameter acts as a force making the dynamical system to stay on
the corresponding constraint. The final point is the double projection of the absolute
I3
2 - ..- 4
1 -- ' 2
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-34
Figure 2 10 Contraction behavior Figure 2-11: No contraction behavior
minimum, figure (3 - 10). This method in this case is only 100 times faster than the
matlab method.
Example of minimization with scaling
Consider the minimization problem
i=N
min xi s.t. h(x) = I -1 0
i=1
For N=300, our method is 100 times faster than matlab. For N=3000, our method is
1000 times faster. This method is very robust to scaling.
Example of minimization on a Torus
Consider the minimization problem
min x s.t. h(x, y, z) = (R - x2+ y2)2 + z2 - r2 = 0
The minimum on the torus is on one of the sides. On figure 2-13, the system evolves
on the constraint even if the shape of the surface is very complicated. R corresponds
to the outer radius and r corresponds to the inner radius.
1 0.51
-1 -0.5 0
Figure 2-12: Example of minimization with two constraints
2.2 Starting outside the constraints:
sliding behavior
2.2.1 The problem and intuition of the solution
The most important limitation of this problem is that we have to start on the con-
straints in order to achieve contraction behavior. The solution is to add the following
dynamic.
- hi c (x)Vh2 (x)
ci is a constant that gives the speed of approach to the constraint i. Vhi(x) gives
the direction that is normal to the surface locally and -hi(x) gives a sense to this
direction, (figure 2-14). A priori, this property is local because far away from the
surface the term in Vhj is not necessarily normal to the surface. Consider the modified
. . ........ ............. 
Figure 2-13: Minimization on a torus
Vh,(x)
chj (x)Vhj (x)
h(x)<o
Vh3 (x)
- cjhj(x)Vhj(x)
h(x)>O
Figure 2-14: Sliding dynamic
dynamic system:
i = f(x, t)P(x) - Ecjhy(x)Vhj(x) f(x, t) + AVh(x) - Ecjhj(x)Vhj(x)
Integrating the precedent expression for an autonomous gradient system, we obtain
* = -V(U(x) + Ah(x) + I ch2(x)) = -VLe
This term corresponds to the term that is added in optimization to construct the
augmented lagrangian, Lc. This dynamic term can be understood as adding a cost
when the constraints are not verified.
2.2.2 Sliding surface behavior
In this section we prove that converging to the surface when starting away from is
a global property. We use sliding control techniques. We define s = (Ei cih (x))
where ci > 0. s is by definition non negative. Its derivative is
ds cihi(x)Vhi(x)k = cihi(x)Vhi(x)(f (x, t)P(x) - cj hj (x)Vhj (x))
dt
Because f(x, t)P(x) E M(x) then Vhi(x)f(x, t)P(x) = 0. The derivative is then
equal to :
ds - i hi()Vh-x cj hj(x) V hj(x))dsdtC=2c 2Xh(x)Vh(x)( c2 h
= - Zcihi(x)Vhi(x) + 2Zcjcihj(x)Vhi(x)hi(x)Vhi(x)) -(5 cihiVhi)2 <0i<j
The second derivative can be calculated. If s is bounded, we apply barbalat's lemma
[12]. Z cihiVhi converges to zero as time goes to infinity. Using the initial hypothesis,
Vhj are linearly independent, then cihi goes to zero. The constraints are then verified.
The technique used here is a very common technique in nonlinear control theory. h2
can be seen as the distance to the surface, which is the same as the sliding variable s
used in nonlinear control.
With one constraint we get exponential convergence towards the surface.
d h2 - h(x)Vh(x)k = -ch 2 (x)(Vh(x)) 2
dt 2
There are two dynamics in this augmented system. These two dynamics can be con-
trolled using the c parameter. The first dynamic is the so called, Lagrangian dynamic.
This dynamic leads to the minimum once on the surface. The second dynamic is the
so called sliding dynamic. It makes the system converge to the constraints. If the
value of c is very big, we give more importance to the sliding term. The system will
converge quicker to the surface. If c is small, it will take longer to converge towards
the surface.
2.2.3 Examples
Minimization of the length of a square in a circle
Consider the optimization problem:
min x + y s.t. x 2 +y 2
The projected system is then :
-1± +Y2
-1 + "
- c(x 2 + y 2 - 1)x
- c(x 2 + y 2 1)y
If c is small, (c=0.5, figure 2- 15) initially the system follows the Lagrangian dynamic,
(it follows a circle that is situated at the starting position). As the system goes away
from the surface, the sliding dynamic becomes more important. This algorithm is
-0.5 0 0.5 1 1.5 2
Figure 2-15: Minimization of the length of a square in a circle
1300 times faster than matlab. If c is big, (c=10, figure 2 - 15) the system converges
very quickly to the surface. Once on the surface the Lagrangian dynamic makes the
system to evolve on the constraint towards the minimum. This algorithm is 134 times
faster than matlab method. This method is slower because we need a smaller stepsize
to make the system converge. The best trade off is to choose a middle value (c=1).
We approach the surface following the shape of the constraint. The number I can be
seen as the radius at which the lagrangian dynamics start working.
Minimum distance from a point to a sphere
Consider the minimization problem
min (x2 + y2 + (z - 2)2) s.t. h(x) x 2 + y 2 z 2 -1z=0
The solution is (0, 0, 1). The projected system adding the sliding term is:
i= VU+ AVh=
x+ Ax+ c(x2 + Y2+ z2 - 1)X
y + Ay + c(x2 + Y2+ z 2 - 1)y
z - 2 + Az + c(x 2 + y2 + z 2 -1)z
with A = 2- As usual the computation time, starting at the same initial point
is 1000 times faster than matlab.
Maximum volume on an ellipse
The problem is to maximize the volume of a parallelipede subject to lying on an
ellipse
X2 2 z2
min - xyz s.t. h(x) 2 + b + c = 0
In this case we consider a = 15; b = 5; c = 3;. On figure 2- 17 we achieve the solution.
As usual the convergence time is very fast compared to matlab.
2
Trajectory with c=.1
Trajectory with c=1
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Figure 2-16: Minimum distance from a point to a sphere
Minimal sum of lengths for a given volume
The problem in this case is to maximize the volume of a parallelipede subject to lying
on an ellipse
minx+y+z s.t. h(x)=Xyz-1=0
The augmented Lagrangian system is:
1 + Ayz + c(xyz - 1)yz
i = 1Axz + c(xyz - 1)xz
1 + Axy + c(xyz - 1)xy
where A = - YZ+xZ+xy On figure 2 - 18 we achieve the solution, [1 1 1]. As(yZ) 2 +(XZ) 2 ±(Xy) 2 *
usual the convergence time is very fast compared to matlab.
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Figure 2-17: Maximum volume on an ellipse
Contraction of the initial and projected system
We consider
x2 + 2
i [0, 0, -e] s.t. h(x, y, z) = 2
2
- z = 0
Figure 2-19 shows for c =1 the sliding of the system and then reaches the minimum.
Example of minimization with two constraints
Consider the minimization problem but with two constraints
1
mn -((x-X1) 2 +(y-y1) 2 +(Z-Zi) 2 )2 s.t. hi(x) = x2+y
2+z 2 -1 = 0 h2 (x) = x+y+z = 0
The final point is the double projection of the absolute minimum. The values ci, c2 are
the gains to the two surfaces. To stay on the sphere, we increase the gain (c1 = 10).
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Figure 2-18: Minimal sum of lengths for a given volume
This method in this case is only 100 times faster than the matlab method.
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Figure 2-19: Contraction of the initial and projected system
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Figure 2-20: Example of minimization with two constraints
Chapter 3
Contraction theory with inequality
constraints
There are two parts in this chapter. In the first one we state the theorem that gives
a condition of contraction for dynamic systems constrained to inequality constraints.
The second part uses a sliding condition to make the system converge to the con-
straints.
3.1 Starting on the constraints:
contraction theory
We define the set of interior points and the boundary, I = [x / h(x) < 0]. We define
the half saturation function as
hsat (X) = ) x, G [0, 1) (3.1)
1,X z> 1
and also Phsat(x) = 1-Vh'(x)[Vh(x)Vh(x)']- Vh(x)hsat( ) where = [1, ... ,m
are strictly positive time varying functions. These functions are boundary layers used
in [12]. Phsa is not a projector because when x [0, 1], PhsatPhsat # Phs. For x < 0
then Ph,,, = I. For x > 1, then Phs,,, = P, where P is the projector defined in chapter
two.
3.1.1 Theorem
In this section we compute the condition of contraction for dynamic systems that are
under inequality constraints.
Theorem 6. The condition of contraction of the system
x = f(x, t) s. t. h(x) -- 0
is that the hermitian part of:
F = O(x, t) +8(x, t) PhaOf + PA(x)hst 2 h(x (x, t) -on I(x)Ox dx 2
has a maximum eigenvalue uniformly negative. A(x) = -f(x, t)Vh'[VhVh']-1. The
initial condition must verify the constraint.
3.1.2 Proof
This proof has two parts.
Projection of the dynamic system
The initial problem is
5 = f(x, t) s.t. h(x) -< 0
Physically, three cases can be distinguished for each constraint hi.
First of all, if the current point verifies hi(x(t)) < 0, then the system can evolve freely
in any direction. The system remains the same 5 = f(x, t)
If the current point verifies the constraint, hi(x(t)) = 0, and has with respect to the
active constraint an inward speed, kVhi' = f(x, t)Vhi' < 0, the system will verify the
constraint. The system is x = f(x, t).
If the current point verifies the constraint, hi(x(t)) = 0, and has with respect to the
active constraint an outward speed, kVh' = f(x, t)Vhi' > 0,the system will escape
from the constraint. In this case we use the projection operator to avoid that. The
system is x = f(x, t) + Ai(x, t)Vhi(x).
There is a switching between systems. This is a problematic approach. To address
this problem we use Ph,,,. Using this function there is no more switching, the system
is continuous.
h *=M h-
i = f(x, t) + A(x, t)hst(-)Vh(x) = f(x, t) + Aih-r t( n)Vhi
The idea when introducing this boundary layer is to relax the constraint hi = 0
to -Di < hi < Gi. We associate being on the constraint with an inward speed to
-Di < hi < 0 and being on the constraint with an outward speed of the dynamic
system to 0 < hi < (Di.
Condition of contraction
As done in the precedent theorem, we define 6z = e(x, t)6x. All calculations are
similar except o5. We compute it,
. (of d2h 8DA(x, t) dh dh dhsat65x =o + A (x, t) d2h hat + ax tdh hat + A (x, t) ohdsa xB(x dx 2 hx dx dx dx
We compute A(x, t) dh =Tx- E. gVhiVh' < 0 because when x E [0, D] then Ai < 0
Using equation 2.1, we compute 'A(x t)ax
o = Ph,,,,(x) + P(x)hst A(x, t) d xOx dx2
Finally
+(6z6z)= 26z ((xt) + e(x,t) Phsat(x) 7 + P(x)hstA(x, t) e(x, t)-6zdt bax dx2
Shrinking behavior can be showed using what is done in chapter 2.
3.1.3 Theorem's application
This theorem has a main application to minimization theory. But has also an appli-
cation to adaptive control.
Contraction analysis and adaptive control
It is possible to use the theorem of contraction for inequalities in order to conclude
convergence of the adaptive control. The equations of adaptive control are given in
[12]: a = -ks+Yd and & = -Y's The virtual system in [yi, Y21: 0 -ky 1 +Yy 2
-Y'y1 The virtual displacement of this system:
:p )
4 2
-k Y
-Y' 0 )
#2 =
6 y1
6Y2
The symmetric part of the jacobian is (-k 0 0 We can conclude
0)
contraction for an
identity metric for y1 but not for Y2. Intuitively adding constraints gives some more
knowledge about this second parameter. We consider now the constraints h(y 2 ) = 0.
We project the second equation
y2 = -Y'y 1 + AVh(y 2 )
where A = -Y'y 1Vh'[VhVh']- 1 We calculate the associated virtual system:
y2 = -Y'6y 1 - A dh(Y2) P(y2)3 y2dy2
The symmetric part of the jacobian is
Ad2 h(y2)
-AdY 2 2 (2
The projection matrix is positive definite. If the constraint is convex, then d2 h(Y2 ) > 0.
Then we can conclude contraction of yi and Y2 if and only if the Lagrange parame-
ters are strictly positive. Similar results with convex constraints have already been
achieved by [17]. This result is more general because it allows many constraints.
Optimization and projected contraction theory
As done in [1] and in the precedent chapter, an autonomous system has a unique
equilibrium point.
x = -VU(x) s.t. h(x) -- 0
This system has a unique equilibrium point. Three cases can be distinguished for
each constraint hi
First if hi(x*) < -CDi, then it verifies VU(x*) = 0. The condition of contraction is
V2U(x*) > 0.
If -C)i < hi < 0, then VU(x*) = 0. The condition of contraction is V 2U(x*) > 0.We
also have Ai < 0.
If 0 < hi < <bi, then VL(x*) = 0. The condition of contraction is x'PV 2L(x*)Px > 0.
We also have Ai < 0.
The dynamic system also satisfies the constraint hi(x*) < 0 because we start on the
constraint and the speed of the system is always towards the interior of the constraints
or tangential to them. These two conditions ensure us that at anytime hi(x) < 0.
In each case, these are the conditions for the existence of a minimum for the
problem 1.4 needed by the Karush-Kuhn-Tucker theorem in order to have a minimum
solution. Therefore, there is a new relationship between minimization and dynamical
systems using contraction theory.
Similarity with precedent results
In [9] the dynamic system has to evolve in a hypercube. This corresponds to linear
inequalities. The definition of the dynamical projected system is very similar to the
one that we have done. The projected dynamical system is defined as
x = Hl.(x, f(x, t))
where HQ is the point projection operator on Q. Intuitively when inside the con-
straints, this operator does not do anything. When on the constraint with an outward
speed, we apply the projection operator.
3.1.4 An algorithm for solving minimization problems
This projection operator gives us a new dynamic system that can be implemented.
Minimization of the length of a square inside a circle
Consider :
min x-+ ys.t. x 2 + y2
As it can be simulated, if we make the boundary layer too small then the system
converges very quickly to constraint.
Kepler's planimetric problem
The problem is how to inscribe in a given circle a rectangle of maximal area. The
minimization formulation is
min Xy s.t X 2 + y2
As it can be simulated, if we make the boundary layer too small then the system
converges very quickly to constraint.
Minimum distance from a point inside a sphere
Consider the minimization problem
12
min-(x + (y- .2)2 + (z - .4)2)2 s.t. h(x) = x2 + y
2 + z2 - 1 = 0
-1 -0.5 0 0.5
Figure 3-1: Minimization of the length of a square inside a circle with two different
boundary layers
-contraction with phi = 1
m contraction with phi = 5
0.8- . minimum point
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Figure 3-2: Solution to Kepler planimetric problem with two different boundary layers
The minimum is not on the boundary. The system stills achieve the solution because
inside the constraint we have a gradient dynamic.
contraction with phi = .1
0 minimum point
1
0.5
0
-0.5
-1
1
-1 -1
Figure 3-3: Minimum distance from a point inside a sphere
Maximum volume on an ellipse
The problem is to maximize the volume of a parallelipede subject to lying on an
ellipse
x2
min 
-- xyz s.t. h(x)=a2 y2
+b2
z 2
c2 1-0
Example of minimization with two constraints
Consider the minimization problem but with two constraints
1
min -((x-x 1 )2+(y-y 1 )2+(z-zi)2)2 s.t. hi(x) = x2+y2+z
2
-1 = 0 h2 (x) = x+y+z = 0
As it can be simulated, if we make the boundary layer too small then the system
converges very quickly to constraint.
S..contraction with phi = .01
3 .... contraction with phi = .5
- -2
Figure 3-4: Maximum volume on an ellipse with two different boundary layers
3.2 Starting outside the constraints:
one-side sliding behavior
3.2.1 One-side sliding condition
We need to introduce a modified concept of sliding. In all precedent applications, the
convergence from both sides to the sliding surface was very important. With inequal-
ities, hi 0 is a feasible region, we only need to slide along the side corresponding to
hi > 0. We introduced the idea of boundary layer earlier. If the system starts outside
the boundary layer for the constraint i ,hi > @, we want to add a dynamic that will
make the system go inside the boundary layer. hi < I~ As hi 2 J i we multiply by he
the precedent inequality. The one side sliding condition is
hS4 -+2d(E hi) E(<i - r)hit|(3.2)
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Figure 3-5: Minimization with two constraints with two different boundary layers
where m is the number of constraints. This condition is very similar to the one
developed in [12].
3.2.2 One side sliding surface behavior
In order to have this one slide sliding behavior we need to add a dynamic. The term
is the following
- S ciVhi(x)hsat
The modified dynamic system is:
x = f(x, t)Phsat(x) -- cVhj (x)hsat = f (x, t) + (AVh - cy h Vhy (x) hat
(hi
j1 )
- - - -- - -- - -
This system verifies the condition of one side sliding. Its derivative:
= Z hi(x)Vhi(x)x = Z cihi(x)Vhi(x) f(x, t)Phsat(x) - c hi (x)hsat
Because for h > <P, we have hsat = 1 then f(x, t)Phs,,,(x) = f(x, t)P(x) c M(x) then
Vhi(x)f (x, t)P(x) = 0.
I d(
2 dt
hy) -cVhVh'h'
where c = [ci, ..., cm] = [17 - <bi,., m - <Dm] = j - <b. As Vh'Vh is of full rank then
X'Vh'Vhx > 0. We add a very mild hypothesis, x'Vh'Vhx ;> ' we achieve one side
sliding contraction behavior
I d (
2 dt i
3.2.3 Examples
We apply the sliding technique to the precedent examples.
Minimization of the length of a square inside a circle
Consider :
min x + y s.t. x 2 + y2
Convergence to the minimum is achieved even starting outside the constraints.
Kepler's planimetric problem
The problem is how to inscribe in a given circle a rectangle of maximal area. The
minimization formulation is
min xy s.t x 2 + y 2
Convergence to the minimum is achieved even starting outside the constraints.
I d (
2 dt i
h <; -7 -E cihj( t) = 7 E (Ci - 710 hi (t)
-1 -0.5 0 0.5
Figure 3-6: Minimization of the length of a square inside a circle with two different
boundary layers
-1.5 -1 -0.5 0 0.5 1
Figure 3-7: Solution to Kepler planimetric problem with two different boundary layers
Minimum distance from a point inside a sphere
Consider the minimization problem
12
min -(x + (y -. 2)2 (z-.4) 2 )2 s.t. h(x) = x
2 + y2 + Z2 - 1 = 0
Convergence to the minimum is achieved even starting outside the constraints.
contraction with phi = .1
contraction with phi = .5
minimum point
I1-
0.8-
0.6-
0.4 -
0.2 -
0
-0.2
-0.4
-0.6-
-0.8-
-1
-1
Figure 3-8: Minimum distance from a point inside a sphere
Maximum volume on an ellipse
The problem in this case is to maximize the volume of a parallelipede subject to lying
on an ellipse
2 ~2 2
mm - xyz2 + 1=0b 2 c2
s.t. h(x)
as
-0.5 .0 -
0
+
mmn -xyz
contraction with phi= .01
contraction with phi = .5
2 - 0 2 4
1
2 -1x sx+ 2 z- =0h()= ~~
03 -- -- - -- - -
10
-4 -2 0 2 4
Figure 3-9: Maximum volume on an ellipse with two different boundary layers
Example of minimization with two constraints
Consider the minimization problem but with two constraints
min I((x-x1) 2+(y-y1) 2+(z-zi) 2) s.t. hi (x) = x2+Y 2 + 2-1 = 0 h2(X) = X+y+z= 0
Convergence to the minimum is achieved even starting outside the constraints.
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contraction with phi = .01
contraction with phi = .5
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0.5
0_
-0.5
-1
-1.5
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1
Figure 3-10: Minimization with two constraints with two different boundary layers
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Chapter 4
Contraction theory with
time-varying equality constraints
This section has two main parts. In the first part we state a theorem giving the
condition of contraction for a time varying constrained nonlinear dynamic system.
We have to start on the constraints to have contraction behavior. In the second
part, we allow the system to start outside the constraints. We have to use sliding
techniques to conclude convergence to the constraints.
4.1 Starting on the constraints:
contraction theory
We define the set S(x, t) = [x / h(x, t) = 0].
4.1.1 Theorem
In this section we compute the condition of contraction for dynamic systems that are
under time-varying constraints.
Theorem 7. The condition of contraction of the system
x = f(x, t) s.t. h(x, t) = 0
is that the hermitian part of :
(x, t)P(x) Ox on S(x, t)
P(x) is a projection operator onto
the tangent space S(x,t) and A(x,t) = -(f(x,t)Vh+ !)[VhVh']- 1 . The initial
condition must verify the constraint.
4.1.2 Proof
Projection of the dynamic system
The initial problem is
x = f(x, t) s.t. h(x, t) = 0
Physically to remain on the constraints, we need to project the speed and we need to
take into account the speed of the surface, figure 4-1. To calculate this last term, we
t+dt
f+ AVh
Figure 4-1: Projection with time-varying constraints
use the fact that the constraints are always verified, 0 =h= Vhi' +dt !LAs we have
the choice on z', we add a term to ensure that this equation is verified. This term is:
Oh
-[VhVh']- 1 Vh = M2Vh
F = O (x, t) + + A(x, t) OIX2 ) (x, t)-1
0x
has a maximum eigenvalue uniformly negative.
We can see this new parameter as a force that will make the system stay on the
constraint. It is a new generalization of Lagrange parameters. Hence the total system
is:
Oh
z =f(x, t) + AVh - -[VhVh']- Vh =f(x, t) + AVh + A2Vh =f(x, t) + AVh8t
where A= A +A 2. The constraints are verified at anytime because the system starts
on the constraint and the velocity is such that it remains on the constraints.
Condition of contraction
We compute 6 =
OA1(x)
ax
Of 
Ox 8x2
- + A(x) 2h + ai(x) + a 2 (x) A x. ax(x) can be computed.)&DX-2 ax D- ± ax TOJ aX dx
Of
ax ±x2 )
82 h
(92 [Vh(x)Vh(x)']22
We have to compute also aA2(x)
Vh'[Vh(x)Vh(x)'] A2 2 h [Vh(x)Vh(x)']82
We can substitute in the precedent equation and reorganize:
6k = P(x) Ox + A(x) h 6x - Vh(x)'[Vh(x)Vh(x)']-l 6x ( h +± ~)Ox 2 J Ox x2 ±
It is essential to note that the first term belongs to M(x) and the second term belongs
To have contraction behavior the first term of 6 must be uniformly
6 = P(x) Of(Ox
= 26z (O(x, t) Of(Ox+ A(x) Oh 8E(x, t)-1 z0X2 ),)
8A2 (x)
Ox
(2 )
to M(x)'.
bounded.
Finally
+ A(x) 6x
d
-Vh'[Vh(x)Vh(x)']-l-
+ 8)(x, t) P (x)
4.1.3 Theorem's applications
One of the most important application is optimization under varying constraints.
Minimization of the sum of the sides under a growing circle
The problem is :
min x + y s.t. X2 + y 2 = t2
The solution using KKT theorem is given by x* = y* = -7.
theorem we can create the 'extended' lagrangian system.
Using the precedent
y2 t
(x+y) Y-
t2
- t)
The condition of contraction is given by V2f + (A, + A2 ) V 2h x+y+t I > 0. Then
the final condition is x + y + t < 0. On figure 4 - 2, we achieve the solution after
some transient time
Minimization of the sum of the sides under a changing ellipse
The problem is:
min x + y s.t. t 2 + y 2
The solution using KKT theorem is given by x* = - , y* t1ll+t2
(tx+y) tX1 - X2+y2tx
(to+y)
t2 X2 4 2 Y
X2
- 2t2x2+2y2xt
x2
- 2t2x2+ 2 y2 Y
The condition of contraction is given by V2 f + (A, + A2) V 2 h - _ X+tXyI > 0. Then
the final condition is x2 + tX + y < 0. On figure 4 - 3 we achieve the solution after
some transient time
i 
-
- (
0 0.005 0.01 0.015 0.02 0.025 0.03
Figure 4-2: Minimization of the sum of the sides under a growing circle
Using time varying constraints to solve problems with static constraints
In order to make a smoother approach to a certain constraint ho, we can create a
time varying constraint such that when t -+ oc then h(x, t) --> ho(x). Consider the
minimum system:
2 2 2min x + y s.t. x2 + Y2et
The dynamical system associated to that is:
(X+Y)x x1- t
et
On figure 4 - 4, we observe that we achieve the solution after some transient time
This is the solution achieved by the minimization of the sum of the lengths subject
to a circle.
0 0.005 0.01 0.015 0.02
Figure 4-3: Minimization of the sum of the sides under a changing ellipse
4.2 Starting outside the constraints:
sliding behavior
4.2.1 Sliding surface behavior
As done in the precedent chapter, we add a sliding term. The new system is:
ahi = f(x, t) + AVh - at [VhVh']-1 Vh
- cyh (x)Vhj (x)
We have global convergence towards the surface.We define s = !(Z' cjh?(x)) where
ci > 0. s is by definition strictly positive. Its derivative:
h( a.
= C'' x '
0.5
0
-0.5
-1
-1.5
-2
0 0.005 0.01 0.015 0.02 0.025 0.03
Figure 4-4: Using time varying constraints to solve problems with static constraints
= Ch' a P(x)'f(x, t)' - Vh'[VhVh'] ahat - hj (x)Vhj (x) + ah
Because f(x, t)P(x) c M(x) then Vhi(x)f(x, t)P(x) = 0. As VhVh'[VhVh']-'l =
O. The derivative is then equal to:
ds
d= -(ZchiVhi) 2 < 0
The second derivative is smooth, then it is bounded. Applying barbalat's lemma,
we conclude that E cjhjVhj converges to zero as time goes to infinity. As Vhj are
linearly independent then cihi goes to zero. The constraints are then verified.
4.2.2 Examples
To show how this sliding term works, we use the precedent examples but starting on
a point outside the surface.
Minimization of the sum of the sides under a growing circle
The problem is :
min x + y s.t. x 2+ Y 2 =2
The new system is
1 - (x y(x+2 ±y
- x+y
- i + chx
- ( + chy
On figure 4 -5 we achieve the solution after some transient time even starting outside
of the dynamic constraint.
0
-20
-40
0 0.005 0.01 0.015 0.02 0.025 0.03
Figure 4-5: Minimization of the sum of the sides under a growing circle
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Minimization of the sum of the sides under a changing ellipse
The problem is :
min x + y s.t. tx2 + y2
The new system is
1 -t2tx - 2t 2 X2 2y2 xt + chxt
1 - t+y2Y - 2 t2X2 2y2 + chy
On figure 4-6 we achieve the solution after some transient time even starting outside
of the dynamic constraint.
2.5
2
1.5
1
0.5
0
-0.5
0.01 0.02 0.03 0.04 0.05
Figure 4-6: Minimization of the sum of the sides under a changing ellipse
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Chapter 5
Conclusion and directions for
future research
5.1 Conclusion
This thesis has four main new contributions.
The first and more important is the condition of contraction (a condition of conver-
gence) for three different dynamic systems, constrained with equalities, constrained
with inequalities and constrained with time varying inequalities.
The second contribution is, in the particular case of a gradient autonomous con-
tracting in a metric identity system, a fast algorithm to find the minimum. The
contraction conditions are only partially understood. In this very particular case, we
achieve such a quick algorithm to find the minimum. May be a more general metric
will allow to solve more complicated problems.
The third contribution is the understanding that adding a term h in the cost func-
tion corresponds to dynamic term that makes the dynamic system converge towards
the surface
The fourth and last contribution is on Lagrange parameters. This thesis gives
a new physical approach of Lagrange parameters. They can be understood as a
scalar value that ensure the system to have a tangential speed to the constraints.
Also it gives three generalizations of Lagrange parameters, with a time varying
cost function A = -VU(x, t)Vh'[VhVh']- 1 , with a time varying general vector
A = -f(x, t)Vh'[VhVh']-1 and with a a time varying general vector with time vary-
ing constraints A - (f(x, t)Vh' + ) [VhVh']-'. This last case is the most general
because it contains the other two.
5.2 Directions for future research
There are many direction for the future research.
We compare the speed of the minimization algorithm to the matlab method fmin-
con. In [13], a new algorithm that adapts its code to the particular minimization
problem, has been developed. Comparing both methods would give some more con-
clusive results about the speed of this new algorithm
Theorem 6 is very complicated and does not make clear links with optimization
theory. Many ideas can be explored to simplify it, creating a second order system (K)
or creating hierarchical system or feedback systems.
We have always used an identity metric. It is interesting to explore what happens
with constant metrics and time varying metrics. In the gradient autonomous case,
it can may be include some information of the constraints making the minimization
faster.
In chapter 1, there is an example with duality theory. There are many other links
to be explored.
When having many different goals, Pareto optimality does not have a general
theorem to find the best solution. May be some conclusive theorem can be found
exploring Pareto optimality using contraction theory.
Contraction theory has very interesting combination properties. In chapter one
an example using parallel combination has been presented. It is interesting to try to
use feedback and hierarchical combination.
The Hamilton-Jacobi-Bellman (HJB) equation is a partial differential equation
which is central to optimal control theory. It is the solution of a minimization prob-
lem subject to a dynamic system. As chapter 4 has time varying constraints, it is
reasonable to explore this problem.
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